M451 /551 Exam 1
February 26, 2015

Name: Eﬂﬁ(@\ Je, (’\KL’!S AN

INSTRUCTIONS: Please make sure your exam has 7 pages, in addition to this
cover page. You must justify your solutions to receive credit. Please try to
fit your solutions into the space provided. If you do need extra space, please write
“continued on the back,” and continue on the back of the same sheet. Also, be sure
to indicate your final answer to each problem clearly.
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Problem 1. (10 pTs.) A bag hold@marbles@lue marbles andggreen marbles.
One marble is chosen from the bag at-Ffandom Suppose X represent number of

marbles with the same color as the chosen marble (including the one chosen).

(a) Calculate E[X].

(b) What is the conditional probability that X > 4 given that the chosen marble is
either red or green?
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Problem 2. (15 PTs.) Consider two yearly income streams in dollars where the
first payment is made immediately:

A: 100, 80, 200
B: 90, 100, 195

Assuming simple annual compounding, for what nominal interest rates r € (—1,1) do
the present values satisfy PV (A) > PV (B)?
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Problem 3. (15 p1S.) A model for the movement of a stock supposes that, if the
present price of the stock is S, then after one time period it will either be e* x S with
probability p or e * S with probability 1 —p. (Hereuw > 1 and 1/4 < p < 3/4.)

(a) Assuming that successive movements are independent, write an expression involv-
ing ®,p and v which gpprozimates the probability that the stock’s price will double
after the next 1,000 time periods. Hint: if X; is a random variable that takes the
value +1 with probability p and —1 with probability (1 — p) then E[X;] =2p—1
and Var(X;) = 4p(1 — p).

(b) Very briefly explain why your approzimation is valid.
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Problem 4. (15 PTs.) Let P(K,T) denote the cost of a Buropean put option with
strike K and ezpiration time T. Prove that P(K,T) is convex in K for fived T. (If

you rely on the convezity of other functions, then prove their convegity first.)
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Problem 5. (15 P1s.) An ezperiment can result in any of the outcomes 1, 2, or §.
Suppose the profit matriz for two different wagers is given by

ri(D)i= 1, r1(2) = 2, r1(3) = -3,
Fall) = g r3(2) = 3, r9(3) = —b.

Decide if there is an arbitrage opportunity in which case come up with a positive
betting strategy, or else find the risk neutral probabilities pq, pa, ps.
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Problem 6. (15 PTS.) Assuming continuous compounding and a nominal yearl
interest rate of v, the price of a security follows aL_sk—neﬂ__al geometmchrowmag,

motion with volatility parameter o and drift pm"aﬂnei,he?"1"—i The current price of the
security is_S(0). A European cash-or-nothing option pays its holder a fized amount
F if the price S(T) at the expiration time T 1is larger than K and pays 0 otherwise.
Find the no-arbitrage price O(S(0), K, F,T,r,0) for this option. (Your expression
may also involve the ® function.)
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Problem 7. (15 PTs.) What should the price P(S,K,T,r,0) of a European put
option become in the limit as the volatility o tends to 02 (Hint: first compute it for

the corresponding call option.)
Fret T'Il use B-S for Twe conospoadivg Call onl T"“Qv‘
we e Put-Clt padiy $ormdey tn doteeaang, TVe pot PVilR.

B3 (54T, 10)= 3§£@-\¢({"1’§wa&;@) /

¥
wheng W = L('\"b'z'l'z_)r-— \05—-;*
o (T
T ¥ ~ 00 e
Tae it = WU O +£€_@J_.. bog 12 5 -+ 0
oo Gvo OF  oNT  OVT ) (Zp v
@ ,
P T+ Gz - Yo () _ b QT‘L&HZ ~tog {&ﬂ owists)
L,HOPH& - E&‘Mﬂx :j S — o2 ' Ey{?‘;{%‘:,}?{m T
lo~>0 oNT .
p "?0 P i s > &
= Wt 2 =p. I w-—>0 an 020
- VT

T g
bt € Cs e, o) = SE(o)-Fe 5 (o)

— ol cde
. ,-‘(“T ;S W (\Of(“'k o
iy P Jf. ( .CD £ ‘L'ﬁ \> ) snie ﬁ—




