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— M436 — Homework Assignment 7 —

Due: Wednesday, October 22, in class. Each problem is worth 20 points. Please show
all your work. Homework that is illegible or discourages the reader otherwise from
looking at it will be returned ungraded.

Exercise 1

Recall that an isometry of a metric space 𝑋 is a transformation 𝜙 : 𝑋 → 𝑋 such that
|𝜙(𝑥) − 𝜙(𝑦)| = |𝑥 − 𝑦| for all points 𝑥, 𝑦 ∈ 𝑋 . A similarity with dilation 𝜆 > 0 is a
transformation 𝜙 : 𝑋 → 𝑋 such that |𝜙(𝑥) − 𝜙(𝑦)| = 𝜆|𝑥 − 𝑦|. Show for given metric
space:

1. Similarities are invertible.
2. For two similarities, the dilatation of 𝜙 ∘ 𝜓 is the product of the dilatations of 𝜙

and 𝜓.
3. The set of all similarities 𝜙 : 𝑋 → 𝑋 forms a group under composition.
4. The set of all isometries 𝜙 : 𝑋 → 𝑋 forms a group under composition.

Exercise 2

The figure 1 shows a partial tiling of the plane by equilateral triangles, squares, and
regular hexagons. The black triangle has its vertices at the centers of the respective
polygons, so it is a 30 − 60 − 90 degree triangle. The reflections about its edges are
denoted by 𝛼, 𝛽 ,and 𝛾 . The transformations 𝛼 ∘ 𝛽 , 𝛽 ∘ 𝛾 , and𝛾 ∘ 𝛼 are all rotations
about the center of some polygon by some angle. Determine the polygons and the
angles. The transformations 𝜙, 𝜓, 𝜎 are rotations by 120∘, 180∘, 60∘ about the centers
of the indicated triangle, square, hexagon. Show that 𝜎 = 𝛽 ∘ 𝛾 ∘ 𝛼 ∘ 𝛽 , and find
compositions of 𝛼, 𝛽 ,and 𝛾 that equal 𝜙 and 𝜓.

Exercise 3

In the taxicab geometry of Z2, find a formula for the number of shortest taxicab paths
from (0, 0) to (𝑎, 𝑏).
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Figure 1 Reflecting about reflections

Exercise 4

In the taxicab geometry of R2, determine the shape of the ellipse that has distance
sum 12 to the two focal points 𝑝 = (1, 2) and 𝑞 = (−1, −2). What conditions must
the focal points and focal distance satisfy in order that a taxicab ellipse is a hexagon?

Exercise 5

In Fu�
2 with the Hamming distance as metric, find a formula for the number of points

in the sphere of radius 𝑟, for any integer 1 ≤ 𝑟 ≤ 𝑛.


