M343 Homework 7

Enrique Areyan
June 05, 2013

Section 4.2

16.

21.

29.

Consider the equation y* — 53" + 4y = 0. The solution is given by solving the characteristic equation:
rt—5r?+4=0

It is not hard to see (or using the rational root theorem) that 1 is a root of this equation, and so we
can divide the equation by r — 1 to obtain: 7 —5r2 +4 =0 = (r— 1) +r2 —4r —4) = 0.
Likewise, is is not hard to see that —2 is a root of (r® + r? — 4r — 4) and so, by polynomial division
(r=D)*+r*—4r—-4)=0 < r—-1)Fr+2)r>-r—-2)=0 < (r—-1r+2)(r+1)(r—2)=0.
The solution is therefore:

’y = Cret + Che 2 + Cye™t + e ‘

Consider the equation y® + 8y*) + 16y = 0. The solution is given by solving the characteristic equation:
P48t +16=0 = (1" +4)2=0 < 1.5 =+1+i

The solution is therefore:

[y = ¢'[(C1 + Cat)eos(t) + (Cs + Cat)sin(t)) + ¢ *[(C5 + Cet)eos(t) + (Cr + Cst)sin(t))|

Consider the initial value problem ¢y 4+ 3" =0; y(0) =0; ¢'(0)=1; y"”(0)=2.
The solution is given by solving the characteristic equation:

Py =0 < r(r2+1):O:>7“1=0; ro.3 =

The general solution is therefore:

’y = C} + Cacos(t) + Cssin(t) ‘

The solution to the I.V.P is given by solving the system of linear equations:

Y(0)=0=C1+ Cp = Oy = —Cy =) = 2]
y'(0) =1 = —Cssin(0) + C3cos(0) =
y"(0) = 2 = —=Cac0s(0) — C3sin(0) =

The solution to the I.V.P is:

’y =2 — 2cos(t) + sin(t) ‘




The graph of the solution is:

Plots :

The solution oscillates as t — oo

32. Counsider the initial value problem vy —y”" + 3 —y =0; y(0)=2; ¢'(0)=-1; 3"(0) = —-2.
The solution is given by solving the characteristic equation:

P —r?4r—1=0

It is not hard to see (or using the rational root theorem) that 1 is a root of this equation, and so we can
divide the equation by r — 1 to obtain:

P 4r—1=0<<= (-1’ +1)=0=r1=1; rg3=+i

The general solution is therefore:

’ y = Cre' + Cycos(t) + Cssin(t) ‘

The solution to the I.V.P is given by solving the system of linear equations:

Y(O) =2 = Ci+ o — 1 = —Cy — [Cr— 2]
y'(0) = =1 = Cy — Cysin(0) + C3c08(0) = -1 =C, + C5 =

y"(0) = =2 = Cy — Cac08(0) — C3sin(0) = —2=C; — Cy =

The solution to the I.V.P is:

’y = 2cos(t) — sin(t) ‘




The graph of the solution is:

Plots :

The solution oscillates as t — oo
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10. Consider the initial value problem y*) + 2y” +y =3t +4; y(0) =0; ' (0) =0; y"(0) =y"(0) = 1.
The solution is given by
yg = yh + yp7 Wherev

Yn is given by solving the characteristic equation:
42 4 1=0 <= (P +1)2 =0=r12=4i; r3s==+i

The homogeneous solution is:

yp = Creos(t) + Casin(t) + Csteos(t) + Cytsin(t) ‘

yp guess for particular solution: y, = At + B. Then, y, = A and y, =y, = y = 0. Suppose y, satisfies:

y M + 2y +y, =3t +4 & 0+2-0+ At +B=3t+4=|A=3]; [B=4]

The general solution is therefore:

’ y = Crcos(t) + Casin(t) + Cstcos(t) + Cytsin(t) + 3t + 4 ‘

Solving for Cy, Cy, C3, Cy;

y(0)=0=C1+4=[Cy = —4|

y'(0) =0 = —Cysin(0) + C2co8(0) + C3cos(0) — Cstsin(0) + Cysin(0) + Cytcos(0) + 3 = |Cy = —=

y"(0) =1 = —cos(0) — Cysin(0) — 2C53sin(0) — Cstcos(0) + 2C4c0s(0) — Cytsin(0) =

y""(0) = 1 = Cy8in(0) — Cacos(0) — 3C3c0s(0) + Cstsin(0) — 3Cysin(0) — Cytsin(0) =




The solution to the I.V.P is:

y = —4cos(t) — 4sin(t) + tcos(t) — gtsin(t) +3t+4

. Consider the initial value problem "’ — 3y” + 2y =t +et; y(0)=1; y'(0)=—=; 3"(0) =
The solution is given by
yg = yh + yp7 Wherev

Yn is given by solving the characteristic equation:
34 2r=0 <= r(r—1)r—-2)=0=1r,=0; rp=1; r3=2

The homogeneous solution is:

’yh = C} + Cye’ + Cze* ‘

yp guess for particular solution: y, = t(At + B) 4+ Cte'. Then:
y, = 2At + B 4 Ce' + Cte'

yy = 2A+2Ce" + Cte*
y, =3Ce" + Cte'
Suppose y, satisfies:

t+et =y =3y +2y,

= 3Ce' + Cte' — 3(2A + 2Ce' + Cte') + 2(2At + B + Cet + Ctet)
= €'(3C —6C +2C) + te'(C —3C +2C) + 4At + 2B — 6A
= —Ce'+4At+2B—6A

1
Therefore, A — T B = % C = —1 The general solution is therefore:

1 3
y = Cy + Cae’ + Cye?t + Zt2 + 7t tet

y(0)=1201+02+032
1 1
T S S [
3 3
y”(o):—§=c2+403—§:>

Solving for C, Cs, Cs;

The solution to the I.V.P is:

1
yzz(t2+3t)—tet+1

. Consider the equation y"" —y’ = tet + 2cos(t). Solving the characteristic equation:

Per=0<+=r?-1)=0=r=0ro=1; r3 =1

So the homogeneous solution is

‘yh =Ci+ Cget + Cge_t ‘

A guess for the particular solution y,, is:

yp = (At* + Bt)e™" + Ccos(t) + Dsin(t)




15. Consider the equation y* — 2" 4+ y = ! + sin(t). Solving the characteristic equation:
=2 41=0 <+ (P-1) =0=r=Lrn=-1r=1rn=-1

So the homogeneous solution is

’yh = et + Che™t + Cytel + Cyte™t ‘

A guess for the particular solution y, is:

yp = At’e’ + Bsin(t) + Ccos(t)
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1.y + 4 = tan(t)
The solution by Variation of Parameters is given by

Yg = ury1 + ugy2 + usys, where,
Y1, Y2, y3 are found by solving the homogeneous eq. In turn, yj is given by solving the characteristic equation:
Prr=0<+<= rr?+1)=0=1r=0; ro3==i

The homogeneous solution is:

[ yn = C1 + Ccos(t) + Cysin(t) |

Let y; = e!; 9o = cos(t); y3 = sin(t). Then, as previously calculated:

1 cos(t)  sin(t
W(1,cos(t),sin(t)) = |0 —sin(t) cos(t
0 —cos(t) —sin(

)
) | =
t

)
o Smip| Famey Zifl] = st oo =1

Wi=1; Wy=—cos(t); Wiz = —sin(t)

—sin(t) cos(t)
—cos(t) —sin(t)

‘ — cos(t) ‘ )’ + sin(t) ‘

) = W;V’ I — tan(t) = ] ur = —In(|eos(t)]) + C1 ‘

= 2 = sin(t) = [z = cos() + O |

ul = W;’V g _ —sin(t)tan(t) = (trigonometric substitution...) ”LLg = sin(t) — In(|sec(t) + tan(t)]) + C3 ‘
Therefore

Yg = U1Y1 + U2y + Usys = ’y = C1 + Cacos(t) + Cssin(t) — In(|cos(t)]) — sin(t)in(|sec(t) + tan(t)|) ‘

/

5.y —y" +y —y=e tsin(t)
The solution by Variation of Parameters is given by

Yg = U1Y1 + U2y2 + uzys, where,
Y1, Y2, y3 are found by solving the homogeneous eq. In turn, y, is given by solving the characteristic equation:
Pt r—1=0 <<= (r—1)*+1)=0=1,=0; roz==i

The homogeneous solution is:

’yh = C1e' + Cycos(t) + Cssin(t) ‘

Let y1 = €'; y2 = cos(t); ys = sin(t). Then, as previously calculated:

et cos(t)  sin(t)
W (e!, cos(t), sin(t)) = |e!  —sin(t) cos(t) | =
el —cos(t) —sin(t)



ot —sin(t)  cos(t)

et —sin(t)]  [5
—cos(t) —sin(t) et —cos(t)‘

Wy =1; Wy =e'(sin(t) —cos(t)); Wi = e'(cos(t) — sin(t))

et cos(t)

t

et Sl

‘ + sin(t)

Wi-g sin(t) . . . 1, o n .
uj = W= e = (integration by parts twice...) |u; = fl—o[e (2sin(t) + cos(t))] + Cy
Wy-g  sin(t) — sin(t)cos(t) 1 ,
uh = 7 5ot = |ug = @[—sm(%) + 3cos(2t) — 5] 4+ Cy
uhy = Ws-g _ —tan(t) = |us = ———[—sin(2t) + 3cos(2t) — 5] + C3
W 20¢!
Therefore

. 1, .
Yg = Ury1 + usyz + uzys <= |y = C1e’ + Cacos(t) + Cssin(t) — € t(sin(t) + cos(t))

-y Yy = sec(t), y(0)=2; y'(0) =1; y”(0) = —2. The solution by Variation of Parameters is given by

Yg = U1Y1 + U2Y2 + usys, Where,
Y1, Y2, y3 are found by solving the homogeneous eq. In turn, yj, is given by solving the characteristic equation:
Pir=0 < r(r2+1):0:>7~1:0; To3 = +i

The homogeneous solution is:

’yh = Cy + Cacos(t) + Cysin(t) ‘

Let y3 = 1; y2 = cos(t); ys = sin(t). Then, as previously calculated:

W (1,cos(t), sin(t)) =1; Wy =1; Wa = —cos(t); W3 = —sin(t)

W -
wh =~ I = sec(t) = u1 = In(|sec(t) + tan(t)|) + C1 |
Wy-g 1

/!
uh W cos(t) cos(D) U9 t+Cs

, Ws-g
wy = = = —tan(t) = [us = In(|cos(t)]) + Cs
Therefore

Yg = U1Y1+Uya+UsYs = ’y = C1 + Cacos(t) + Cssin(t) + In(|sec(t) + tan(t)|) — tcos(t) + In(|cos(t)])sin(t) ‘

Now, solving for C7,Cs5, Cy

y(0)22201+02:>
y’(O):1:03+1—1:>
V0 = 2=, —[05=7)

The solution to the I.V.P is:

|y = 2c0s(t) + sin(t) + In(|sec(t) + tan(t)]) — teos(t) + In(|cos(t)|)sin(t) |




