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Section 3.4

12.

14.

Consider the homogeneous, 2nd O.D.E with constant coefficients: 3" — 6y’ + 9y = 0 and initial conditions:
y(0) = 0,/(0) = 2. The characteristic equation of this O.D.E is (r — 3)? = 0, so we have two repeated real
roots 1 = ro = 3. The solution is given by y(t) = Cry; + Caye, where y; = e and yo = te? (obtained by
reduction of order). So, the general solution is:

y(t) = C1e® 4 Cote®
Solving for the constants C, Cs using the initial conditions we obtain:

y(0)20201'60+02'0'60:>01:0

Y (0)=2=Csle’ +3-0-€"] = Cy =2

The solution for the the I.V.P is:
y(t) = 2te3

The graph for this solution is:
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Also, tlggo y(t) = o0

Consider the homogeneous, 2nd O.D.E with constant coefficients: 3" + 4y’ + 4y = 0 and initial conditions:
y(=1) = 2,9'(—1) = 1. The characteristic equation of this O.D.E is (r +2)? = 0, so we have two repeated real
roots r; = 7o = —2. The solution is given by y(t) = Ciy1 + Coya, where y; = e~2! and yo = te~% (obtained
by reduction of order). So, the general solution is:

y(t) = 0167% + Cgt672t
Solving for the constants C, Cs using the initial conditions we obtain:

y(—l) =2 = 6162 — 0262 = 62(01 — Cg) — Cl — CQ = 2e~2 cee (*)

y,(—l) =1= —20162 + 02(62 + 262) = 62(302 — 201) — —201 + 302 - 672 e (**)



Multiplying (x) by 2 and subtracting from (xx) we obtain Cy = 5¢=2 and C; = 7Te~2. The solution for the
the I.V.P is:

y(t) _ 76—2(t+1) + 5te—2(t+1)

The graph for this solution is:
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Also, tll)rgo y(t) =0

1
16. Consider the homogeneous, 2nd O.D.E with constant coefficients: ¢’ — 3’ + Zy = 0 and initial conditions:
1
y(0) = 2,y'(0) = b. The characteristic equation of this O.D.E is (r — 5)2 = 0, so we have two repeated real

1
roots ry =19 = 3 The solution is given by y(t) = Cyy; + Coya, where y; = /2 and yo = te'/? (obtained by

reduction of order). So, the general solution is:
y(t) = Cret/? + Cotel/?
Solving for the constants C, Cs using the initial conditions we obtain:

y(0)22201+02'0:>01:2

0
y’(O):b:01 <62)+CQ(60+0)C;+021+02:>02b1

The solution for the the I.V.P is:

y(t) = e’2(2+ (b —1)t)

Ifb—1>0 < b>1, then lim y(t) = oco.
t—o0

Otherwise, if b —1 <0 <= b < 1, then tlim y(t) = —o0
—00

Therefore, the critical value for b is

25. Consider the homogeneous, 2nd O.D.E t2y” + 3ty +y =0, t>0, y;(t) =t"!. Let us find y» by reduction
of order: Suppose that the second solution ys is of the form:

Y2(t) = V(1) - 1 (t) = ya(t) = @



Then

Vi) V(¢ V(t 2V(t) 2V (¢

yo(t) = t()_ t(z) and  yh(t) = t()_ t2()+ t?)()
Since ys is a solution, it has to satisfy the O.D.E:
0 = 43+

V)  2V(t) 2V (t) V() V() V(t)
_ g2 -~ B
t(t 5t ) el R

2
= W) —2V(1) + @ +3V(t) — %(’f) N @
2 3 1

= tV"(t)+V'(t)(3—2)+ V(1) (t —<+ t)

= V') +V'(t)

Hence, we have that tV"(t) + V'(¢) = 0. If we make the substitution: W =V' = W' = V" we get:

d C
W+ W =0 < a[ﬁW]:O = t-W=0C < W:?
Changing the substitution boac to V:
, C
W=V z?:V:Cln(t)
Hence, our second solution is:
In(t
() = "0

. Consider the homogeneous, 2nd O.D.E t2y” — t(t +2)y' + (t +2)y =0, ¢t >0, yi(t) =t. Let us find y, by
reduction of order: Suppose that the second solution y is of the form:

Y2 (t) =V (t) -1 (t) = y2(t) = VI(¢) -

Then
yo()) =V ()t +V(t) and y5(t) = V")t +2V'(t)

Since ys is a solution, it has to satisfy the O.D.E:
0 = Py —tt+2)yh+ (t+2)y2

= PWV"t42V)—tt+2)(Vt+ V) + (t+2) (Vi)
= BV'+ V(22 -2t +2) + V(—tt+2) +t{t+2))
= BV'+ V(22 -3 - 2t?%)
= BV -V
= V-V
Hence, we have that V" — V' = 0. If we make the substitution: W =V’ = W' = V" we get:

W -W=0<+ W=W < W=¢
Changing the substitution back to V:

Hence, our second solution is:



28. Consider the homogeneous, 2nd O.D.E (x —1)y”" —ay'+y =0 = > 1, y1(t) = €. Let us find y by reduction
of order: Suppose that the second solution ys is of the form:

y2(x) = V(2) -1 (x) = ya(x) = V() - "

Then
ya(t) =e* (V' + V) and yy(t) =" (V" +2V' +V)

Since ys is a solution, it has to satisfy the O.D.E:
0 = (x—-1y" —ay+y
= (z—=1)(e*(V"+2V' 4+ V) —z(e® (V' +V)) + (Ve")
= (z—1D(V"e* +2V'e* +Ve*) —x(V'e* + Ve*) + Ve*
= ze"V" 4 22e® V' + 2"V — V"e” — 2V'e® — Ve* — ze” V' —zVe* + Ve®
= V'(ze® —e®) + V'(2ze® — 2e® — xe®) + V(xe® — e” — xe® + e”)
= (e"(z—1)V"+ (e*(x—2))V’

= (z—-1DV"+ (z—-2)V’

Hence, we have that (x — 1)V” + (z — 2)V’ = 0. If we make the substitution: W =V’ = W' = V" we get:

2—x
r—1

(=W + (x —2)W =0 < /dWW:/ de = In(W)=In(z-1)—2 < W= (z—1)e "

Changing the substitution back to V:

W=V =@x-1)e"=V=c"x

Hence, our second solution is:



